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ABSTBACT 

The  scattering  cross-section  is  calculated  lor  the  prohlem  of 
a  particle  incident  on  another  bound  to  the  origin.  The  scattered  par- 
ticle interacts  hoth  with  the  fixed  potential  at  the  origin  and  the 
bound  particle.  Two  solutions  are  obtained:  one  for  the  case  where 
the  two  particles  are  similar  and  one  for  the  case  where  they  are  dis- 
similar. The  motion  of  each  particle  is  one-dimensional,  and  the  inter- 
actions are  artificially  chosen  so  that  the  Schrbdinger  equation  is 
integrable.  Thus,  altho-ugh  the  model  chosen  here  has  no  physical  reali- 
ty, it  is  expected  that  the  results  will  be  useful  in  evaluating  ap- 
proximation techniques  for  physical  particle  scattering  problems. 
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I.  Introduction 

For  the  investigation  of  the  dlSBociation  and  recomlDination  processes  in  the 
ionosphere  It  is  necessary  to  find  approximation  methods  which  give  accurate  re- 
sults for  small  energies  of  the  scattering  particles.   In  order  to  test  the  effec- 
tiveness of,  for  instance,  the  Born  approximation  method  or  the  Schwinger  variation- 
al method,  it  is  useful  to  consider  examples  of  many-body  problems  for  which  rigor- 
ous solutions  can  he  found.   One  can  compare  the  results  obtained  by  the  various 
approximation  methods  with  the  exact  solutions  and  gain  some  insight  into  the  value 
of  these  methods  for  various  energy  ranres.  We  shall  dincuss  two  such  examples. 
In  the  first  example  the  particles  are  different  from  each  other  and  their  descrip- 
tion la  nsymmetriCRl.   in  the  second  example  the  particles  are  identical  and  exchange 
effects  are  important, 

II,  Different  Particles 

We  shall  consider  the  following  one  dimensional  two-body  problem:   Particle  2 
is  bound  to  the  origin  by  a  6-function  potential.   Particle  1  is  incident  on  the 
origin  from  the  left  with  momentum  K  .  Particle  1  interacts  with  particle  2  only 
when  both  the  particles  are  at  the  origin.    The  Schrodlnger  equation  which  describes 
this  problem  is 

2      2  I 

^  -  ^  -  2B6(X2)  +  A6(x^)6(x2)  UCx^^pCg^  =  %(V2^-  '^^^ 

3^1   a^2  J 

In  Equation  (l),  the  mass  of  the  particles  la  taken  to  be  dimensionlesa,  and  the 
momentxim  haa  the  dlmenaion  of  an  inverse  length.  The  magnitude  of  the  masses  of 
particles  1  and  2  la  chosen  to  be  l/2.  A  and  B  are  constants. 

From  (l)  we  see  that  particles  1  do  not  interact  at  the  origin,  whereas  partl- 
clea  2  do  interact.  Particle  1  therefore  cannot  be  bound  at  the  origin,  and  hence 
those  exchange  phenomena  cannot  arise  in  which  particle  1  la  captured  at  the  origin 
and  particle  2  la  ionized. 

In  order  to  aolve  (1)  it  la  expedient  to  transform  into  momenton  apace.  The 
wave  functlona  in  momentum  apace  are  much  better  suited  for  the  calculation  of  the 
different  cross-sections  than  the  wave  functions  in  coordinate  apace. 

If  one  inaerta  the  Fourier  tranaform^ 

'^(V2>  '  k/-.iy.lr  ^^'^2^  ei(^W2>  dk^dJc^  (2) 

The  factor  l/2n  la  necessary  in  order  thpt  the  wave  fxuictlon  be  properly  nor- 
mailred  in  coordinate  space  when  it  is  normalised  in  momentnin  space. 
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In   (1),   one  oTitPins   the  following  integral  equation  for  f(k,,k„): 

(ic^  ^  4E)f(ic,.k2)  -  ^^V(k„k3)dk2  +  ^/J%'""  fOc,.v^)drc^dk2  =  0.    (3) 


The  Ipst  Interral  in  (^)  divprfes.   In  physical  terms,  the  interaction 
A6(x^(x„)  is  so  singular  thst  it  produces  no  scattered  wave.  There  are  two 
ways  to  avoid  this  difficulty.  First  we  can  carry  out  a  limiting  process  in 
momentum  space  in  which  the  coupling  constant  A  goes  to  zero  as  the  integration 
"boundaries  go  to  infinity.  Second,  we  can  introduce  into  momentvim  space  more 
general  hermitian  interactions  which  from  the  start  will  lead  to  convergent  results 
and  which  nevertheless  permit  the  exact  integration  of  the  Schrodlnger  equption. 
The  first  method  is  very  impractical  if  one  wishes  to  assess  the  accuracy  of 
the  various  approximation  methods  of  quanttmi  mechanics  "by  comparing  the  results 
derived  "by  these  methods  with  the  rigorous  solutions  of  our  examples.  For  instance, 
the  solution  of  the  Schrodinger  equation  in  the  --^orn  approximation  cannot  he  found 
here  in  a  simple  way.  We  therefore  turn  to  the  second  method.  The  following  more 
general  interaction,  for  instance,  fulfills  the  two  requirements  mentioned  aliove 
(convergent  results  and  exact  integration  of  the  Schrodinger  equption): 

K^2  l^'^i'^a^  "  ^(^2^  ^*('^i.'^2^ 

where  g(k,k:-)  must  epproach  zero  »t  least  as  rapidly  as  —  when  either  k^  ->  od 

u  -^  ^ 

or  k_  ->oo. 

This  interaction  no  longer  represents  a  diagonal  matrix  in  coordinate  space. 
"Powever,  nothing  is  fundamentally  altered  in  the  "behavior  of  the  asymptotic  scatter- 
ed wave,  which  we  need  for  calculating  the  cross-sefction;  nor  does  the  interaction 
affect  the  various  approximation  methods  for  the  solution  of  the  Schrodinger  eqtia- 
tion.  The  liermitian  properties  of  the  interaction  preserve  the  continuity  equation 
and  insure  that  the  eigenvalues  of  the  Schrodinger  eqioatlon  are  rpal.   Here  we  will 
not  concern  ourselves  further  with  the  physical  implications  of  these  more  general 
interactions,  since  for  our  purposes  they  are  necessary  only  in  ohtaining  finite 
res\iltB. 

For  our  asymmetrical  example  now  we  choose  the  following  interaction: 
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(k^k^  |V  I  k  k  )  =  -^  .  -j^ i-  ,  (I,) 

Th«  Schrodln^er  eqnptlon  (3)  will  thereby  he  altered  In  the  following  way: 

(k'2+k'^-B)f(k'  k')  -  ^/f(k'  k')dk2+  -^-r^/A^^-rf(k,,k.)dk.dk_  =  0.  (5) 

There  are  two  methods  of  solving  (5).  The  first  is  a  direct  solution;  one  sets 


and         -  V^^ 


// 


f(k,,k  ) 

— ^  dk^dkg  =  C 


/f(k,.k2)dk2  =  D(k^)^ 


and  then  solves  for  f (k, .k^).  C  and  D  are  subsequently  determined  hy  reinsertion  of  the 
solution  thus  obtained  into  (5).  The  second  method  consists  of  expanding  f(k^,k„) 
in  a  series  of  the  complete  set  of  eigenfunctlons  of  the  unperturbed  Schrodin^er 
eqiiation  (5)  (A?:0). 

We  wish  to  discuss  both  methods  here  and  to  show  how  they  both  lead  to  the  same 
solution.  This  is  important,  since  in  the  second  example,  in  which  both  particles 
are  identical,  one  can  only  \iBe  the  second  method  of  solution. 

The  first  method  of  solving  (5)  is  as  follows: 

Since  particle  2  is  bound  to  the  origin  before  the  impact,  while  particle  1  is 

incident  from  the  left  with  imoulse  K  ,  we  set 

o 

fCk^.k^)  =  6(k;-K^)  -tL  *  f,(k-;,k') 

Tf 


N 
— j-r — r  Is  the  elgenfunction  normalized  to  1  which  describes  the  binding  of  particles 

2     /  •   »  V 

to  the  origin  with  binding  energy  B  .  ^t (ki tk-)  describes  the  scattered  wave  which 

arises  from  the  interaction  of  the  two  particles  at  the  origin.   It  must  contain  the 
elastically  scattered  wave  as  well  as  the  inelasticelly  scattered  one,  in  which  parti- 
cle 2  is  no  longer  bound  (there  is  only  one  bound  state  in  this  problem), 
i^'rom  (*))  one  obtains  the  following  eqtiatlon  for  f,  (k,,k„): 


«  2i  _ 


f^dc^.k^)  = 


•2   '2 


{!v>=l)- 


/4n 


k^+iT 


(7) 


2    2 
o 

Since  f^(k,  ,kp)  represents  a  scattered  wave^  it  must  contain  only  outgoing  waves  when 
represented  in  momentum  space.  One  can  satisfy  this  requirement  in  the  usual  way 
"by  adding  to  E  a  small  positive  imaginary  part  which  one  allows  \o   approach  zero  after 
all  the  integrations  have  "been  done. 

By  inserting  (?)  in  the  equation  which  determines  Dy(k, )  one  obtains 

'.      lAC         1 


Di(k^)  = 


Then 


i^Tt(kj^+iT) 


Bi 


i-yiikji 


h^K^  = 


AC 


.  lA-ki 


'2 


i4TT2(lc^2^k'^-E)  (k^+iT)  (Ei-yE-k^^) 


(8) 


We  get  C  from  the  equation 
C 


#V^ 


fo(k^,k2)+f;^(k^.k2) 


dk^dk^ 


(9) 


In  order  to  determine  the  cross-section  for  the  elastic  scattering  of  particle  1 
and  for  the  inelastic  scattering  in  which  particle  2  is  ionized,  one  requires,  as  is 
well-known,  only  that  portion  of  the  wave  function  (8)  which  determines  the  asymptotic 
behavior  of  the  wave  function  in  coordinate  space.  This  means  that  in  momentum  space 
one  need  only  know  the  behavior  of  the  wave  f-onction  in  the  immediate  neighborhood  of 
its  poles  on  the  real  axis,  since  this  behavior  determines  the  asymptotic  behavior  of 
the  wave  function.  The  rem8.inder  of  the  wave  function  determines  the  behavior  of  the 
particles  when  they  are  close  together. 

One  can  infer  from  the  preceding  remarks  and  from  (8)  that 


f  (k  k  )  =  AC_  _^:^ H_ 

•"■■1  \K,  ,K.p/  -      ^                    O    ? 

^     ^   /  ^n^  (k,+iT)N  k^B^^ 

asympt.  T.        2 


AC 


k^-K^ 
1  o 


(10) 


(k^+iT)(Bi-|k2l)  k^+k^-E 


The  first  term  in  (lO)  suffices  to  determine  the  cross-section  for  elastic 
scattering  of  particle  1,  while  the  second  term  determines  the  cross-section  for 
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inelsBtlc  scstterin^.  In  order  to  find  the  croSB-sectlon  for  the  inelastic  scatter- 
ing, we  rewrite  the  second  term  In  (lO)  in  the  coordinate  space  of  particle  1: 


^     I  ^      \  AC     TTl 

f^(x,  ,k  )  =  — r-—   


1^, 


iV^x, 


^  (Bi-|cj)(/G|fiT) 
-V^^l 


=  ae 


l^-)^  x^ 


+  he 


-ll^^l 


(11) 


Xj^  >  0 


Xj^  <  0 


The  ciirrent  density  of  particle  1  with  momentiim  |k,|  or  -|k.  |  where  |k,  |  =  |E-k_ 
when  the  corresponding  momentum  of  the  ionized  particle  2  lies  between  k-  and 


(kg+dk-),  is  given  hy 


—  a*a  dk. 


m-i 


and 


l^ll 
h*b  —  dk. 


m^ 


respectively.  The  current  density  of  the  incoming  particle  1  is  ----  ,  as  one  can 
see  by  rewriting  6(k--K  )  in  coordinate  space.  The  inelastic  scattering  cross- 
section  of  particle  1  on  particle  2  is  then  given  by 

Ql2  =  K  /  (»**  "^  T5*^)  |k^|  dkg.  (12) 

The  limits  of  integration  are  -/E  and  +/E  since  the  ionized  particle  2  can  have  at 
most  the  energy  of  the  incoming  particle  1  minus  its  own  binding  energy. 

When  we  now  consider  the  first  term  in  (10),  we  note  that  the  factor  N/k^+B 
describes  the  normalized  eigenfunction  of  a  particle  2  bound  at  the  origin.  The 
transformation  of  this  term  in  the  coordinate  space  of  particle  1  gives 


^i^-^a'  -  -  5 


1Ti2B' 


K  /2ttN 


-  6  - 

1 


K  +1T 
o 


e  + 


-iK  x^ 
0  1 


-K  +iT 

0 

T^  <0 


IK  X,  -iK  Xt 

/-  0     1     ^     T-  0     Iv 

=   (ae  +  be  ) 


N 


x^>0 


x^<  0 


4b^ 


N 


2  ^2 


(13) 


With  this  we  get  for  the  cross-section  of  elastic  scattering  of  particle  1 

o 

For  further  examination  of  the  various  approximation  processes,  it  is  necessary  to 

determine  the  ratio  of  the  intensity  of  the  scattered  wave  to  the  intensity  of  the 
incident  wave.  This  i^tio  can  hest  he  determined  from  the  individual  scattering 
cross-sfections.  We  will  therefore  write  down  explicit  expressions  for  the  elastic 
pnd  inelpstic  scptterinf  cross-sections.  The  evaluation  of  the  formulas  (9)t(l2), 
(l^)  pives  us 


^el  = 


ion 


A^'C  C*B 


/iTTK^(K^+T^) 
0  o 


_1_ 


8n 


2  2 

E+B  +T 


/Fj+I}^ 


B 


/E+B2 


where 


(15) 


c= 


Ntt 


B(K  -iT) 

0 


1- 


A 


J^(K^+T^) 
0 


l.«S 


p 


2   2  2 


T 


in' 


AI-B^+1'--T 


»  ft 


5 — 2 


B 
ttK 


*^  +B  ^''K 
0       c 


.& 


B  +T 


] 


TT 

E  =  K^  -  B^ 
0 


Im  K  =  Im  E  >  0  . 

0 

For  the  mimericsl  evelriation  of  the  quantities  C,  q^^,  and  ^-^^^*   ^^   is  Important  to 
have  a  relstion  at  hand  which  we  can  use  to  check  the  numerical  caloiilations.  One 
relation  of  this  kind  is  the  continuity  equation  which  states  that  the  num'ber  of 
perticles  1  incident  per  unit  of  time  must  be  equal  to  the  number  of  particles  1 
scattered  per  unit  of  time.  Using  equations  (ll),  (13)  and  (15)  we  obtain  the 
following: 
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,2, 


(16) 


0        0 

2    2  _2    2 

If  K^  <  B  ,  then  Q,^^^  =  0.   This  neans  thet  for  K^  <  B  ,  the  continuity  eq\aation  (16) 

is  altered  radically.   TTowever,  this  alteration  is  compensated  for  by  the  fact  that 

2    2 
when  K  =  B,  C  ponsesses  a  loparitlimic  branch  point  which,  when  K  <  B  ,  produces  an 

additional  ima^rlnary  term  in  the  denominator  of  C: 


i  S: ^  _  L^ 

i|(X^+T^)   V^o 
o 


2    2  2  2    2 

If  T  <  B  ,  then  C  has  another  branch-point  for  K  +T  =  B  ,  but  this  branch-point 

does  not  produce  an  additional  imaginary  term. 

Now  we  come  to  the  second  method  for  solving  (5). 
Ar  was  indicated  previously,  we  will  expand  f(k, ,k„)  in  a  series  of  ei^enfunctions 
of  tiie  unperttUPbed  Schrodin^er  eaurtion  (?),  with  A  =  0.  These  eirenfiinctions  are: 

f             \^?\        B    1     1 
(K,Kplk,k«)  =  ^  6(k,-K„)  +  ^—  f   ,   „   }   6(k--K,  )    'a.>  Q  (l6a) 

(K^23lk^k2)  =  -^       6(k^-K^).  (16b) 


k2+B 


The 


ei^enfunctlons  (l6a)  describe  a  particle  cominf^  in  with  impulse  K,  and  a  particle 
2  coming  in  with  Impulse  K  bein^  scattered  at  the  origin.  The  ei^enfunctions  (l6b) 
describe  an  incoming  particle  1  with  impulse  K,  and  a  particle  2  bound  to  the  origin. 
The  ei^enfimctions  (16)  are  so  normalized  that 

fj^'^2 '  ^1^2  ^  ^M^2 '  ^^1^2  ^  *^^l^^2  =  ^  ^\~^{  ^  ^  ^^2"^2  ^ 

and  (17) 

(K^2g|k^k2)(K|2^|k^k2)*  dk^dk2  =  6(K^-K|). 
One  can  then  make  an  expansion  of  f,  (k,  ,k_)  in  terms  of  these  ei^renfunctions : 

f^Ck^.kg)  =^f^(K^,K2)dK^dK2(K3^K2|k^'<2^  ^  I^  X^'^X^^^^^^^X'^-^i^ .  ^^8) 

If  one  inserts  this  into  (3)  and  a^ain  puts 

f(k,.k2)  =  6(k,-KQ) -^  *^(^rV. 

^2 
one  obtains 


// 
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+  /(K^-B2-E)f^(K^)dK^(Kj^2g|k^k2)  =  -  --—^^ —■  ,  (19a) 

Here,   just  as   In  the  first  method, 

C  =  l#Tri^  -^  'ii^n<iJ^^+//  ^—^nT^  ^^^idk,.  (19^) 


4TT''(k^+iT) 


If  one  multiplies  (19a)  with  the  complex  conjugate  of  (I6a)  and  (161))  in  tiirn,  and 
then  integrates  over  k^  and  kp,  one  ohtains  the  following  for  f^(X.,Z^)   suid  f^(K-): 

AC         I'^zl        1 


4n2(K2^K^.E)   i^2l*iS     V^*^ 


-AC      //  ^^1^3'^ 
'(Z^-B^-E)  •/«/  "^V^ 


^1^)=  •^jfj'^r^JJ        (k,-.iT)     ^1^2 


ACN 


(K^P^Ik^kg)" 

OK,  CLKp 

(20h) 


2  „2  v\     K,+iT  • 


iiTT.B.  (K^-B-^-S)     ^i 


In  order  to  demonstrate  that  f^(K^,Kp)  and  f ^ (K^ )  describe  outgoing  waves  in  coor- 
dinate space  one  must  add  a  small  positive  imaginary  part  to  E, 

If  one  transforms  to  momentum  space  using  equ3,tion  (15) »  the  integrals  hecome 
ra.ther  complicated,  since  one  cannot  integrate  in  the  complex  plane  hecaus»  (20a)  is 
not  an  analytic  function  of  the  variable  Kp,  On  the  other  hand,  the  integration  for 
the  asymptotic  hehsvior  in  coordinate  space  is  simple,  since  only  the  singularities 
on  the  real  axis  are  important.  An  explicit  evaluation,  of  co-urse,  gives  the  same 
result. 

The  calculation  of  the  asymptotic  parts  gives: 
.(>  .)  =  .-^^^H 1_^     N__ 


^  '1*  2'     i.TTB(k?-K?)  V^^   k^+B^ 

IkJ 


asympt  1  o  2  /on  n 

Ik  I  ^  ^ 

AC         1-^2'  1 


*,^2   (k,*iT)(Bi-|l.2l)   ^2^^2_^  • 
Comparing  (21)  and  (lO),  one  sees  that  hoth  methods  give  the  same  results  provided 
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we  get  the  same  result  for  C  by  both  methods.  With  the  help  of  equation  (18),  (l9b) 
and  (2)  we  can  easily  prove  that  this  is  the  case 

VTe  now  come  to  our  second  example  of  many-body  problems, 
III  Identical  particles 

For  this  more  complicated  problem  we  start  with  the  following  Schrodinger 
eq^ifttion: 

2     2  I 

^  -  ^  -  2B6(x^)-2B6(x2H  A6(x^).  ^{xA  ^fi^^^^)   =  E  wix^^)   .  (22) 


3x, 


ax; 


2 


Equation  (22)  differs  from  the  oriip-inal  Schrodinger  equi^tion   (1)  only  insofar 
as  both  particle  1  and  2  are  in  direct  interaction  rt  the  origin.  This  new  Schrodinger 
equation  is  therefore  completely  symmetric  in  the  coordinates  of  particles  1  and  2  and 
therefore  this  equation  can  describe  the  two  particle  as  indistinguishable.   On  the 
other  hand  this  direct  interaction  of  particle  1  at  the  origin  makes  it  impossible 
to  solve  equation  (22)  by  the  first  method  discussed  In  section  II.  Therefore  we  have 
to  u«^e  the  second  method. 

Transforming  again  to  momenttmi  space,  equ^>tion  (22)  becomes; 

i)cl-^^l-T<i)f(V:^,^^)   -  ^/f  (k^.k^dk^  -  l/f  (k^.k2)dk2  +  -^/f  (k^.k^dk^dkg  =  0  ,  (23) 

'4TT 

In  the  last  integral  of  (23)  the  same  divergence  difficulties  api^ear  as  in  the  pre- 
ceding "example.  Therefore  we  choose  nov/  the  following  'hermitisn  interaction  potential 
In  momentum  space  between  the  particles  1  and  2  and  the  origin;  this  interaction  is 
symmetrical  with  respect  to  the  two  particles  and  avoids  all  divergence  difficulties: 

(k^k^lv Jkk  )  =  jj^-^  -\-^    -^    -^   .  (2k) 

The  Schrodinger  equation  (23)  will  thereby  be  altered  in  the  following  way: 


(k^2+k^^-E)f  (k^.kg)-  |/f  (k^,kpdk3^-  ^/f  (^{.kg^'^^S 


(25) 

iJiT^  k^'^+T'^  k^^+T^     (kJ+T^)(k^+T^)  ~ 
For  the  solution  of    (25)  we  set 


1^.2  V.  W  k.2-.T^       "     '       00-0. 


,f(k^,k2)dk^dk2 
2.„2v,,  2.^2, 


f(kj^,k2)  =  f 0(^1.^2^  "^  -1^'^1'^2^  ^^^^ 

with 
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f,(kl.k2)  = 


^o> 


'^\-V  *  riBi 


B 

tT 


N 


1   0 


2  2 


(26b) 


0  ;  N=4 


B' 


as  we  did  in  eolvine  (6).  Here  f  (k. ,k2)  la  a  solution  of  (25)  if  A  =  0,  and  it 
describes  particle  1  with  momentum  K  incident  from  -  oo  and  scattered  by  interaction 
at  the  origin.  The  scattered  wave  is  described  by  the  second  term  in  the  brackets 
of  (26b).   Barticle  2  is  bound  to  the  origin  and  is  described  by  the  function 

-r — J  .     We  now  wish  to  obtain  from  f  (k,  ,kp)  the  physically  meaningful  symmetrical  ar 

antisjnnmetrical  solutions  of  (25)  which  describe  the  elastic  or  inelastic  scattering 
of  a  pprticle  with  momentum  K  incident  from  -oo  by  the  origin.    Another  particle, 
indistinguishnble  from  the  first,  is  bound  at  the  origin  before  the  scattering.  We 
have  the  following  two  solutions: 

(26c) 


(k^^.kg)  =  jz  I  f  (ki.kg)  ■*•  f  (1^2'^1^  I 
symm.    'I  "• 

f(k^,k2^  '   7=]  f^^i'^a^  "  ^^'^2'^l4 

ftntiftvmm-    "I.  J 


(26d) 

antlsymm. 

In  order  that  the  wavefunctlon  for  scattering  in  coordinate  space  describe  outgoing 
waves,  it  is  necessary  8g:ain  to  add  a  smell  imeginpry  part  to  E, 

When  A  is  not  zero,  an  additional  scattered  wave  arises  from  the  interaction  of 
both  particles  at  the  origin.   In  (26a)  this  additional  scattered  wave  is  designated 
by  f-(k, ,kp).   In  order  to  find  this  scattered  wave,  it  Is  necessary,  according  to  the 
second  method,  to  expand  f^(k, ,k-)  in  terms  of  the  elgenf unctions  of  equation  (25)^ 
with  A  =  0.   Therefore  (in  analogy  with  previous  definitions)  we  have: 


(K^Z2l'^1^2^  ' 


l^ll   B 


2  2 
k^-K^-ia 


(Z^2Blk^k2)  = 


X  < 


6(k^-K^)+ 


6(k2-Z2)  ^ 


B 


K, 


iKgl-lB  TT 


(27*i) 


N 


l^l'-^^^k^-K^-ia 


2  2 


(27b) 
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dsK^lk^k^)  = 


l^pl   B 


N 


2  2 
k^-K^-ia 


2  2  ' 


^^b2bI^^2>  =  2^32  •  ,  ^2  . 


(27c) 


(27d) 


In  the  eigenftinctions  (27a)  of  (25)  (A=0),  particle  1  with  impulse  K,  and  particle 

2  with  Impiilse  K_  are  incident  and  are  scattered  by  the  origin.  Eq-uations  (27b) 

and  (27c)  describe  ele.8tic  <»catterin^  of  particles  1  and  2.  When  particle  1  is  incoming 

and  scattered  elasticplly  at  the  origin,  particle  2  is  boiind  there,  and  vice  versa. 

In  (2''d)  both  particles  are  bound  at  the  origin.  The  eipenf unctions  (27)  ?re  so 

normalised  that 


^(KiK2|k^k2)(K|K^lk^k2)*dk^dk2  =  6{Y.^-Kl)b(K^-Kp 
/^(l2Z2|k^k2)(lBK^|k^k2)*dk^dk2  =  ^i^^-^) 


If,  as  in  example  1,  we  set 
f 


^(k^.kg)  =^f3^(Kj^,K2)dZ^QK2(K^K2lk^k2)  +  /f  (K^)dK^(K^25|k^k2 

W     I      ■■■■■■  ^  ^^  ■        _,__■»  ■   ■  ^         *^—^  11^     ■  ■    ■ 


^(k^.kg) 


G(k^k2) 


+  /f^(K2)dX2(l3K2lk^k2)  +(l, 2)3(1323 |k^k^) 
H(k^k2)  Ini(k^k2) 

and  insert  this  in  (25),  we  obtain  with  the  help  of  (2'') 
/f{Kl+Kl-^)f^iK^,K^)dK^dK^{K^K^\k^k^)   +  /(kJ-B^-T:)  f ^(K^)dK^(K^23lk^k2) 

+  /(-B^+K^-i:)f^(K2)  dK2(l3K2|k^k2)+(-2B2_E)(l.2)3(l323lk^k2) 


M 


with 


hn^     (k^+T2)(k2+T2) 
"-'/^   (k^T2)(k^.T2)       '^^''2' 


(28) 


(29) 


(30a) 


(30b) 
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If  one  multiplies  ("^Oa)  with  each  part  of  the  complex  conj-ugate  of  (2?)  in 
STJccession  and  integrates,  one  obtains  the  following  for  fj^(K,,K_),  f^(K.  ),  f ^  (K-) 
and  (1,2) 


B' 


IkJ-Iz^Ut-b)'   ^ 


f  /ir  ir  >  _    AM   '  1'  '2'^  "'  1 1        1        1 


fl(K,)  =  - 


AM 


|k^|(t-b)n 


ilTT.T^.B   (K^-B^-E)(T+B)  K^+T 


2^„2  jI,l+iB 


^  2      ijTT^^.B   (k!-b2-E)(T+B)  K^+T^  I^?*^ 


(31) 


(1,2),  = 


AM  N^ 


it(2B  +E)(!r+B)  .5?  .B 


2  2   2* 


We  shall  consider  first  the  symmetrical  solution  of  (25).   If  we  insert  (3l)  in  (29) 
and  use  (26c),  we  get  the  following  for  the  asymptotic  part  of  f  (k^.kp): 

sysm. 

f  (ki,l<:2^      ^   ^o^^l*'^2^   *  ^l(^l»'^2^ 


sjmni,  Fisympt.  symm.asympt.  symm.asympt. 


/2 

B 


6(>:-,-K  ) 


N 


+  6(k^-K  ) 


N 


Ic^fB' 


kJ^+B 


Am/2  N(T-B)Z 


/2 


K  -iB  n 


)(- 


IT 


/|ttBT^(K^+t2)(T+B)(K  -iB)   (kf-K^)  (kJ+B^)   k 
O  0         X   0     <c 


(32) 


.  ah£l  _J!±l!Mi!^ 


l*TtV  (k^+T2)(k^+T2)(lkJ-iB)(|k2|-lB)  k^+k^-a 


K  >0. 
0 


The  expression  in  the  first  curly  "brackets  in  (32)  represents  the  incident  wave 
of  the  two  particles  without  scp.ttering.  The  expression  in  the  second  c^jrly  brackets 
re-oresents  the  elastic  scattering  of  the  two  particles  at  the  origin.  The  term  with 
the  factor  AM  represents  the  additional  scattering  which  occurs  "because  the  particles 
can  interrct  at  the  origin. 

Prom  (32)  we  ohtain  the  following  croes-Bections  for  the  elastic  scattering  and 
the  ionization  scattering: 
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Q..= 


B_  _  A.M/2    (T-B)N 


'*■'•  E^+23^  1/2   iiBT^  (E+B^+T^)(T+^) 


J^  _  AM  /2(x-B)N 


'2       /iBT  ^  (:-:+B  ^+T  ^ )  ( T+B ) 


2  ♦ 


^^'^  Stt/R+B^T^ 


E+2T' 
T 


'E+T'^(2T^+E)^(E+T^+B^)  (T^_B^) 


(,E+2T^)  (E+T^+B^)  (T^-B*^) 


(33) 


/e 


2B  /E+B 


i2  Ti2\2/'p. m2. Ti2\2 


(T'^_B'^)'^(E+T'^+B^)'^(E+2B'^J. 


E  =  Z^  -  B^. 
0 


We  get  M  from  (26a),  (26b),  (29),  (30b)  and  (:'l): 
S 


M  = 


1-AE 


with 

and 

R  =  _ 


S  =  IT 


(T-B)' 


n/e+b~  (T-B 


I 


T%(T+B)  (E+B^+T^)  (/e+B^-IB) 


E^(T^-3^) 


UT^([iM-B)^ 


,2 


(E+2T^)  (E+T^+B^).'fTlT/^+T^(E+2T^)^   (E+T^+b^)      ^ 


2Ti^ 


(?^') 


^  2/E+B^  B(E+2T^)   .  ^/E+B'^-B   j;?_=2_i 


/e-i 


.2  ^2> 


(E+2B^)  (E+T^+B^) 


^ 


(E+2T^) 


-  B 


EB^+ET^+bV?!^^ 

T  (T 2_e2  )  2  ^j,^j 2^22 ) 2 


(j^tVeB^+ET^)  (B^+T^) 


B' 


^  2T%^^T^-EB^-<^.T^ 


il|T2(T2_B^)2(E+2<r2)2    (T^-B*^)^(E+?B^)   2(E+2T^)^(T^-b2) 


+  i 


(E+2T^)(E+T^+B^) 


(T^~B^)(2tV-^'I'^-E^)  ^  /e4-T^ (TT^-fBV-^r-'T^+EB^) 
2aV'W^(E+2T^)^        2T(E+2T^)(E+B^+T^) 


^  /E+B^.2B(E+2T^) 
(E+2B^)(E+T^+B^) 


We  cannot,  as  "before,  simply  use  the  continuity  e<iuetlon  for  one  of  the  kinds 
of  particlps  to  check  the  numerical  calculations,  since  not  only  particle  1  hut  also 
■nerticle  2  is  incident.  But  we  may  obtain  an  anslofo^is  relation  when  we  consider 
the  four  -nossibilities:  each  incoming  particle  (l  or  2)  may  (a)  go   throio^h  unscatter- 
ed,  (b)  be  scattered  elestically,  (c)  be  exchanged  with  the  behind  ijarticle,  or  (d) 
be  scattered  inelastically.  Makinf  use  of  (33)  this  relationship  is  written  as  follows: 


-  lit  _ 


fz 


2B^    .    iAN(T-B) 


/2(E+2B^)    i4T2B(E+T^+B^)(T+B)  Vy^ 


■=  \l**lon  .      (35  > 


In  the  symmetrical  solntlon  considered  here,  the  miituftl  interaction  of  the 
particles  causes  an  increase  in  the  amplitude  of  the  scattering  wave.  This  in- 
crease hps  two  components,  the  exchange  scattering  wrve  and  the  usual  scattering 
wave.  From  ('^2)  we  csn  see  that  the  amplitudes  of  these  waves  are  equal.   If  we 
formulate  the  antisymnetrical  solution  of  (25)  with  the  help  of  (26d),  (29),  (301)), 
and  (?l),  we  see  that  for  the  antisymmetrical  solution  no  additional  scattering  of 
the  two  particles  comes  about  through  their  mutiial  interaction.  This  is  not  a 
general  result  hut  follows  from  the  particiilar  form  of  the  interaction  we  chose  . 

That  the  scattering  wave  of  the  symmetrical  solution  is  larger  than  the  scatter- 
ing wave  of  the  antipymmetrical  solution  is  physically  Tinderstandahle,  because  the 
antisymmetrical  solution  implies  that  both  particles  cannot  be  at  the  origin  at  the 
same  time,  in  contrast  to  the  behavior  of  the  particles  in  the  symmetrical  solution. 

rv  Conclusion 

In  conclusion  we  shall  make  some  brief  remarks  on  the  Born  and  the  Oppenheimer 
approximation  methods  in  view  of  our  example  2. 

Using  the  Born  method  to  solve  (23)  approximately,  one  considers  A  es  a  small 
magnitude  and  expands  f(i<:^,k  )  in  terms  of  the  eigenf unctions  of  the  simplified 
Schrodinger  eauation  (2!^),  (A  =  o).  One  then  obtains  f(k^,k2)  as  power  series  ex- 
pansion in  A.  This  is  almost  the  same  method  as  we  used  above  for  the  treatment 
of  the  rigorous  solution.  The  only  difference  is  that  we  now  obtain  the  constant 
M  (see  Eauation  (^^))  as  a  power  series  expansion  in  A,  From  this  one  can  readily 
see  that  this  approximation  method  will  work  well  as  long  as 

lj(7(V2'^w'-^P¥M'''P^''l'^^2'  «   I-^^V2'^w'^1^2^^o^M*'"PS'^2  '  •         ^^^^ 

In  general,  an  approximation  of  this  sort  works  only  when  one  can  regard  one  particle 
In  a  three  body  problem  as  Infinitely  heavy.  Only  then  are  the  eigenf unctions  of  the 
simplified  Schrodinger  equation  products  of  two-particle  eigenf unctions;  that  is,  we 
can  carry  out  a  separation  of  variables.  However,  when  all  three  particles  have 
finite  masses  (as  ia  the  case,  for  instance,  with  neutron  and  proton  scattering  with 
the  deniteron  ),,  even  the  simplified  Schrodinger  equa-tion  describes  a  real  three-body 
problem  because  then  already  in  the  0-th  approximation  forces  will  be  indirectly 
transmitted  over  the  third  particle  between  the  other  particles.  The  mathematical 
implication  of  this  is  that  now  ©ne  cannot  carry  out  a  separation  of  variables  for 
the  solution  of  the  simplified  Schrodinger  eqtiation.  Therefore  one  must  alter  the 
method  iust  discussed  for -such  cases.  One  way  of  doing  this  is  to  consider  the 
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Interaction  of  particle  1  at  the  origin  ps  small  in,  for  Instance,  our  example,  and 
not  only  thp.t  of  both  particles.  However,  this  means  that  the  description  of  the 
two  particles  is  no  longer  symmetrical.  Also,  with  this  method  we  can  no  long^er 
take  into  accoimt  the  exchange  scattering,  namely  the  fact  that  the  incident  and 
the  "boiind  particles  change  places  and  the  previo\»ly  hoTind  particle  flies  off 
freely.  The  reason  for  this  difficulty  is  actually  not  the  esymmetricnl  descrip- 
tion of  the  two  particles,  "but  the  fact  that  we  regard  the  Interaction  of  particle 
1  at  the  origin  as  small.   In  order  to  take  this  into  account,  using  our  example  2, 
we  will  call  the  coupling  constant  which  helongs  to  this  interaction  B.  We  now  ob- 
tain the  solution  f(k^  ,kp)  from  (23)  as  a  power  series  expansion  f(''c^,k_)  in  the 
coupling  constants  A  and  B.  From  (32)  we  can  see  that  the  situation  —  particle  2 
with  impulae  i  K  =  *  /E/^'B     la  scattered,  and  particle  1  remains  hound  at  the  origin- 
la  described  In  the  following  part  of  the  rigorous  elgenlunction  (32),  by  the 


following  term; 


For  K^  =  K^+B^, 


_L 


k2_(B+B2)  k^+k^-E 


k^+kg-E     k^+B^ 


(37) 


In  f (k,,kp),  this  part  turns  up  as  a  power  series  expansion  to  B,  which  diverges  for 

|k-|  — >  /e+B^  ,  Just  in  the  range  which  is  of  interest  for  the  exchange  scattering. 
From  this  we  can  see  clearly  why  this  method  cannot  describe  exchange  scattering. 
Also  it  becomes  evident  that  the  same  difficulty  is  encountered  when  this  method 
is  applied  to  exchange  of  two  distinguishable  particles.  (For  a  fuller  discussion 
of  this  point  see  reference  1.) 

In  order  to  describe  the  particles  in  a  symmetrical  formulation  and  to  be  able 
to  include  exchange  scattering  in  the  equation,  one  can  expend  f(k, ,k-)  in  terms  of 
a  non-orthogonal  system  of  functions,  similar  to  what  Oppenheimer  has  done'.   In 
this  system  of  functions  we  consider  first  particle  1  as  free  and  particle  2  as 
interacting  with  particle  3i  then  we  consider  particle  2  as  free  and  particle  1  as 
interacting?  with  the  third  particle.  As  one  can  see,  this  procedure  is  similar  to 
the  Heltler-London  method  for  the  calculation  of  the  hydrogen  molecule. 

The  exact  investigstion  of  this  procedure  using  the  second  example  presented 
in  this  paper  will  be  undertaken  and  will  be  written  in  a  future  research  report. 
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